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INTRODUCTION
The concept of convex fuzzy sets was first introduced by Zadeh [l] . Some properties were subsequently studied by Brown [2] , Liu [3] , and Yang [4, 5] . Let E be a linear space over R. A fuzzy subset A of E is said to be a convex fuzzy subset iff foralls,yEEandaE [O,l] , A(az + (1 -a)y) 1 A(z) A A(y).
(
Condition (1) is equivalent to the following condition (2) . For any two fuzzy points xx, yP and a E [O, 11, xx,y,~A=~xx+(l-a)y,~A.
It is well known that a subset A of E is said to be a convex set iff for all x, y E E and a E [0, 11,
x,y~A==+ax+(1-a)y~A.
*Author to whom all correspondence should be addressed. (3) for the fuzzy case. Therefore, Zadeh's convex fuzzy subset is a generalization of the classic convex subset. A fuzzy point xx and a fuzzy set A have the following relations [6, 7] :
(i) xx E A (iff A(x) > X); (ii) xxqA (iff X + A(x) > 1); (iii) xx E Aq (iff xx and xxqA); (iv) XX E VqA (iff xx E A or xxqA); (v) xx&A iff xxctA does not hold for all cr E {E, q, E Aq, E Vu}. It is obvious that condition (3) is equivalent to condition (4 In Sections 3 and 4, it was found that the acceptable nontrivial concepts obtained in this manner -- are the (E, E Vq)-convex fuzzy subset and (E, E V q)-convex fuzzy subset. As a generalization of the concepts of Zadeh's convex fuzzy subset, (E, E Vq)-convex fuzzy subset, (c, G V q)-convex fuzzy subset, and (X, p]-convex fuzzy subset were obtained. From logic, A is a convex subset of E iff for all x, y E E and a E [0, 11, By the use of implication operators R of fuzzy logic and the concepts of X-tautology in fuzzy logic [8] , we can generalize (7) for the fuzzy case as follows. A fuzzy subset A of E is called an R-convex fuzzy subset if for all x, y E E and a E [0, 11,
(8) In Section 5, relations between the R-convex fuzzy subset and @,a)-convex fuzzy subset are discussed.
The above definitions are intuitive generalizations of the classic convex and these generalizations have no theoretical foundation. In Section 6, a theoretical basis is established by defining the convex fuzzy subset based on the theory of a falling shadow, which was first formulated by Wang [9, 10] . This approach has been applied to the study of the fuzzy algebra [ll] . The main characteristic of this approach is that a convex fuzzy subset is considered as the falling shadow of "cloud of convex subset". In this way, T-convex fuzzy subset based on the theory of falling shadow and t-norm are obtained. In the study.of unified treatment of uncektainty modelled by means of combining probability and fuzzy set thedry, Goodman [13] pointed out the equivalence between a fuzzy set and a class of random sets. At about the same time, Wang and Sanchez [lo] introduced. the theory of falling shadow, which directly relates probability concepts with the membership function of fuzzy sets. A statistical experiment was carried out to determine the membership function of the fuzzy concept "young" by three distinct groups of students. The resulting membership functions of "young" were almost identical for the three groups. This result signifies that the stability of.the membership function of fuzzy concepts does exist in the theory of fuzzy sets. The mathematical structure of the theory of falling shadow [9] is thus formulated. The following is a brief summary of this theory.
Given a universe of discourse X, let P(X) denote the power set of X. For each 5 E X, let k={Alz~A, andACX}.
For each A E P(X), let
An ordered pair (P(X), B) is said to be a hypermeasurable on X if it is a a-field in P(X) and x c t3. Given a probability space (0, A, P) and the hypermeasurable structure (P(X),B) on X, a random set on X is defined to be a mapping [ : n + P(X), that is A -23 measurable, that is, VCEB,
[-l(C) = {w 1 w E R, and E(w) E C} E A.
Suppose that 5 is a random set on X. Let A(x) = P({w I x E t(w))), for each x E X. Fuzzy set A is called a falling shadow of the random set < and < is called a cloud on A.
For example, (52, A, P) = ([0, 11, A, m.), where A is a Bore1 field on [0, l] and m the usual Lebesgue measure. Let A be a fuzzy subset on X and Ax = {Z E X 1 A(z) 2 X} be a X-cut of A. Then, c$ :
is a random set and < is a cloud of A. We shall call 6 defined above as the cut-cloud of A [9] . 
then A is called a (a, p)-convex fuzzy subset of E.
Clearly, Definitions 3.1 and 3.2 are equivalent. Let A be a (p, h)-convex fuzzy subset of E, where ,
then, A(z) = 1 for any IL: E Ao.
PROOF. In fact, suppose that A(x) < 0.5 for any x E AQ. Since A is not constant on AQ, so there exist x,y E AQ, such that A(x) # A(y).
Let AQ = {X E E 1 A(i) > 0). If there exists 2 E AQ such that
Without loss of generality, we let A(x) < A(y) < 0. (ii) A is a (E, E Vq)-convex fuzzy subset of E iff for any X E (0,0.5],
is a convex subset of E.
(10)
PROOF. (ii) A is a (E, C V $-convex fuzzy subset iff for any X E (0.5,1],
(12) (ii) If A is a (Q, C V q)-convex fuzzy subset of E, then A is a (E V Q, C V Q)-convex fuzzy subset ofE.
REMARK. In the above discussions, acceptable concepts are Zadeh's convex fuzzy subset, (E. E --Vq)-convex fuzzy subset, and (E, E V q)-convex fuzzy subset.
(A, p]-CONVEX FUZZY SUBSET
It is well known that a fuzzy subset A of E is a Zadeh's convex fuzzy subset iff AJ, = {CT E E ] A(z) > X} is a convex subset of E for all X E (O,l]. From Theorem 3.4, we have that A is a (E, E vq)-convex fuzzy subset of E iff Ax is a convex subset of E for any X E (0,0.5]. From --Theorem 3.5, we have that A is a (E, E V $-convex fuzzy subset of E iff Ax is a convex fuzzy subset of E for any X E (0.5,1].
Let A be a fuzzy subset of E, then A may satisfy the following condition: Ax is a convex subset of E for some X E (0, 11, but Ax is not a convex subset of E for the other X E (0, 11. Then, A is an R-convex fuzzy subset of E iff A is a Zadeh's convex fuzzy subset of E. (1) A is an Rz (respectively, RKD or R,-,)-convex fuzzy subset of E _ A is a (E A Q, Z V Q)-convex fuzzy subset of E. (2) A is an RG-convex fuzzy subset of E w A is a (E, E Vq)-convex fuzzy subset of E. (3) A is an R-convex fuzzy subset of E M A is a (C, ii V q)-convex fuzzy subset of E. 6 . CONVEX FUZZY SUBSET BASED ON THE THEORY OF FALLING SHADOW DEFINITION 6.1. Let (0, A, P) be a probability space and be a random set. If t(w) is a convex subset of E for any w E Ci, then the faJling shadow A of the random set .$ i.e., 4x) = J'({w I x E E(w))),
is called an FS-convex fuzzy subset of E.
If 0 E e(w) for any w E R, then A is called a regular FS-convex fuzzy subset of E. Then, A(x) = P({X 1 x E Ax}). S ince A is Zadeh's convex fuzzy subset, so Ax is a convex subset of E and consequently A is an FS-convex fuzzy subset. I The converse of Theorem 6.1 is not true. 
PROOF. By {w / a2 + (1 -a)y E e(w)} > {w 1 z E c(w)} f~ {w / y E c(w)}, we have A(az +
(1 -u)y) = P({w I ax + (1 -a)Y E t(w))) L P({w I x E E(w)) n {w I Y E t(w))) = P({W I X E C(w))) + P({w I Y E t(w)l) -P({w I 5 E E(w))) or 
then A is called a T-convex fuzzy subset of E.
Let T,(a, b) = min{a, b} for any a, b E [O,l]. Then, T,,-convex fuzzy subset is an FS-convex fuzzy subset, and an FS-convex fuzzy subset is a T,-convex fuzzy subset. EXAMPLE 6.2. Let H be a fixed convex subset of E and 0 E H. Let (R, A, P) be a probability space and F(!CI, E) = {f ) f : R + E is a mapping}. w --+ t(w) = {f I f E F(il, E), and f(w) E H} 5 E,.
Then, t(w) is a convex subset of F(!2, E) and B(f) = P({w I f E E(w))) = P(J%)
is an FS-convex fuzzy subset. By Et n Eg G Eaf+(l-a)gr B is a T,-convex fuzzy subset of W2, E). Let A be a regular FS-convex fuzzy subset of E, i.e., (R, A, P) be a probabil,ity space, 6: R ---) P(E) b e a random set, E(w) be a convex subset of E, and A(Z) = P({w 1 z E t(w)}).
Let E, = E, X = flUEn E,, and H = flUEn E(w). Then, X is a linear space and H is a convex subset of X. Cp : E -+ F(X), x --+ fz, then @ is an isomorphism. Let rl: Q -+ P(F(X)), w --+ v(w) = {fz I f&J E H).
Then, q(w) is a convex subset of F(X) f or any w E R and {w 1 fz E Q(W)} = {w 1 f=(w) & H} = {w I x E E(w)) E A. It follows that q is a random set on F(X) and W@(x)) = B(fz) = P({w I fz E v(w))) = P({w Ix E t(w))) = A(x).
Hence, B is an FS-convex fuzzy subset of F(X) generated by H, and A is isomorphic to B.
